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Chapter 12

FURTHER TECHNIQUES OF
DIFFERENTIATION

12.1. The Chain Rule

We begin by re-examining a few examples discussed in the previous chapter.

ExAMPLE 12.1.1. Recall Examples 11.2.5 and 11.2.10, that for the function
y = h(z) = (2% + 22)?,

we have
dy

o B (z) = 42® 4+ 1227 + 82.

On the other hand, we can build a chain and describe the function y = h(x) by writing

y = g(u) = u? and u= f(xr) =2+ 2.

Note that
d d
£:2u and d—z:2x+2,
so that
dy d
d—y x d—“ = 2u(2z +2) = 2(2? + 22) (22 + 2) = 42° + 1222 + 8.
u i

T This chapter was written at Macquarie University in 1999.
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ExAMPLE 12.1.2. Recall Example 11.3.3, that for the function

y = h(zx) =sin’z,

we have
dy _
dz

On the other hand, we can build a chain and describe the function y = h(z) by writing

B (z) = 2sinz cos .

y = g(u) = u? and u= f(z) =sinz.
Note that d q
ﬁ = 2u and d—z = cosz,
so that q d
& X & 2ucosx = 2sinx cosx.
du dz

ExXaMPLE 12.1.3. Recall Example 11.3.4, that for the function
y = h(z) = sin 2z,
we have

dy _
dz

On the other hand, we can build a chain and describe the function y = h(z) by writing

B (z) = 2cos2z.

y =g(u) =sinu and u= f(z)=2x.

Note that
Y q du
—= =cosu an — =
du dx ’
so that q d
ﬁ X d—z = 2cosu = 2cos2x.

In these three examples, we consider functions of the form y = h(x) which can be described in a
chain by y = g(u) and u = f(x), where u is some intermediate variable. Suppose that g, x; € R. Write
ug = f(zo) and uy = f(x1), and write yo = g(ug) and y; = g(uy). Then clearly h(zg) = g(f(zo)) and
h(z1) = g(f(x1)). Heuristically, we have

h(z1) — h(zo) _Y1-% _yi—Y%  w—Uo g(u1) — g(uo) « f(x1) — f(zo)

Tr1 — To Tr1 — o Uy — Ug 1 — X9 U1 — Ug Tr1 — XTo

If z; is close to zg, then we expect that uq is close to ug, and so the product

g(u1) — g(uo) y f(z1) = f(@o)

Uy — Uo T1 — Zo

is close to ¢'(ug) f'(zo), while the product

h(z1) — h(zo)
r1 — XTo

is close to h/(xg). It is therefore not unreasonable to expect the following result, although a formal proof
is somewhat more complicated.
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CHAIN RULE. Suppose that y = g(u) and w = f(z). Then

ay_dy du
de  du = dz’

provided that the two derivatives on the right hand side exist.

We can interpret the rule in the following way. As we vary z, the value u = f(x) changes at the
rate of du/dz. This change in the value of v = f(x) in turn causes a change in the value of y = g(u) at
the rate of dy/du.

EXAMPLE 12.1.4. Consider the function y = h(x) = (22 — 62 + 5)3. We can set up a chain by writing
y=g(u) =u® and u= f(xr) =x* — 6z +5.

Clearly we have

dy du

2
i, VO
Tu 3u and P r — 6,
so it follows from the chain rule that
dy dy du 5 a2 2
dxiduxdxig)u (22 — 6) = 6(z* — 62 + 5)“(x — 3).

ExaMPLE 12.1.5. Consider the function y = h(z) = sin® z. We can set up a chain by writing

y=g(u) =u* and u= f(x) =sinz.
Clearly we have
d d
d—Z = 4¢3 and £ = cosz,
so it follows from the chain rule that
d d d
d_z = d_z X ﬁ = 4> cosz = 4sin® z cos z.

EXAMPLE 12.1.6. Consider the function y = h(z) = sec(z*). We can set up a chain by writing
y=g(u) =secu and u=f(z) =z

Clearly we have
dy du

i tan usecu and Fr 43,
so it follows from the chain rule that
d d d
é = ﬁ X £ = 423 tan usec u = 42 tan(z?) sec(z?).

EXAMPLE 12.1.7. Consider the function y = h(x) = tan(2z? —3z+4). We can set up a chain by writing
y=g(u) = tanu and u= f(z) =23z +4.
Clearly we have

—y:sec U and %:Qx—?),
dx

du
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so it follows from the chain rule that

dy dy du

— — — 2 2 —
i PR = (22 — 3) sec’ u = (2x — 3) sec?(x? — 3z + 4).

EXAMPLE 12.1.8. Consider the function y = h(z) = (22 +5x—1)?/3. We can set up a chain by writing
y = g(u) = u?/3 and u= f(xr) =2*+ 5z — 1.

Clearly we have
dy 2 )3 du
- == d — =2
Iu 3u an P x4+ 9,

so it follows from the chain rule that

- = - 22+ 5) = = (22 + bx — 2z +5).
Tu X — - U (2z 4+ 5) (x* + bz ) (2x + 5)

EXAMPLE 12.1.9. Consider the function

1
= h =
Y (@ cos?
We can set up a chain by writing
1 -3
y:g(u)zﬁzu and u= f(x) =cosz
Clearly we have
d d
i =—3u? and d_Z = —sinz,
so it follows from the chain rule that
dy dy du gyt dsinx  3sinz
- =3u “sinz = = .
dz  du dx ut cos? x

ExXAMPLE 12.1.10. Consider the function

1
= h =
y=he) = GE
We can set up a chain by writing
1 —4
y:g(u)zﬁzu and uw=f(z) =22 -5z +1
Clearly we have
d d
ﬁ——zl =5 and d—u:6x2—57
so it follows from the chain rule that
dy dy du 5 5. 4(5 —62?) 4(5 — 622)
- =4 5—6x°) = = .
e dudz ¢ ( ) u® (223 — bz +1)°
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ExXAMPLE 12.1.11. Consider the function y = h(z) = sin(cosz). We can set up a chain by writing

y=g(u) =sinu and u= f(x) =cosz.
Clearly we have
Y du )
qu = cosu and e —sinz,
so it follows from the chain rule that
dy dy du . .
I = gy < gy = ~Cosusinz = cos(cos x) sin x.

ExXAMPLE 12.1.12. Consider the function

1 1
= h =
y=ho) =5 Y i
We can set up a chain by writing
1 1 1 1
y:g(u):%+wz§u_l+iu_2 and u=flz)=z+1
Clearly we have
dy 1 5 1 _4 du
— = —— [ d _— =
du 2" 2" o dz ’
so it follows from the chain rule that
% dy du _lu—Z B lu_g o 1 _ 1
de ~ du " dw 2 27 2@+1)2 2x+1)3

ExXAMPLE 12.1.13. Consider the function

We can set up a chain by writing

y=g(u) =u and u= f(z)=

r+1
Clearly we have (using the quotient rule for the latter)
dy 9 du 2
—= =3 d —=—
du Y an dr  (z+1)%’

so it follows from the chain rule that

dy _dy du_ o, 2 <x—1>2x 2 6(x — 1)
(

dr  du dz ¢ ><(x—|—1)2 r+1

2+ 12 (z+ 1)

The chain rule can be extended to chains of more than two functions. We illustrate the ideas by
considering the next four examples.

EXAMPLE 12.1.14. Consider the function y = h(x) = sin®(x? + 2). We can set up a chain by writing
y=k(v) =02, v=g(u) =sinu and u=f(r)=2>+2.
Clearly we have

d
F 302, é = Ccosu and Fr 2z,

so it follows from the chain rule that
dy dy dv du

2 .2 20 2 2
= = = 2 2 .
Pt R et 6xv° cosu = 6z sin” u cosu = 6z sin”(z”° + 2) cos(z” + 2)
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EXAMPLE 12.1.15. Consider the function y = h(x) = (1 + (1 + x)*/2)>. We can set up a chain by
writing
y = k(v) =2°, v=g(u) =1+u'/? and u= f(z)=1+uz.

Clearly we have
dy
dv

so it follows from the chain rule that

1
dv _ —y /2 and @ =1,

5ut — =
i du 2 dx

4,-1/2 _ 5(1+ (142)1/2)*

dy dy dv _du 5, 45 O 1/2
- 7 —v U =—-(1+u"’?) 20+ 2)1/?

dmidvx@X£72 2

EXAMPLE 12.1.16. Consider the function y = h(z) = tan((z* — 3z)%). We can set up a chain by
writing
y = k(v) = tanw, v=g(u) =u? and u= f(z)=a* - 32.

Clearly we have

dy 9 dv 9 du 3
_— = _— = _ = 4 —
T sec” v, Tu 3u and P x° — 3,
so it follows from the chain rule that

d d d d
ﬁ = £ X d—Z X £ = 3u?(4a® — 3) sec? v = 3u?(42® — 3) sec? (u®)

= 3(z* — 32)%(42® — 3) sec?((x* — 3z)?).

EXAMPLE 12.1.17. Consider the function y = h(xz) = \/a? + sin(22). We can set up a chain by writing

y:k(v):u1/27 v=g(u) =u+sinu and u:f(x):;r2,

Clearly we have

dy 1 dv du
o = 2012 azlﬁ—cosu and 5:2:@

so it follows from the chain rule that

dz  dv  du  dz vl/2 © (utsinu)/2 /22 +sin(a?)

dy dy dv du x(l+cosu) x(l+cosu)  x(l+ cos(z?))
2

We conclude this section by studying three examples where the chain rule is used only in part of
the argument. These examples are rather hard, and the reader is advised to concentrate on the ideas
and not to get overly worried about the arithmetic details. For accuracy, it is absolutely crucial that we
exercise great care.

EXAMPLE 12.1.18. Consider the function y = h(x) = (22 — 1)*/2(2% 4 4z + 3). We can write

where
f@)=@*=1)Y?  and  g(x) =2 + 42 + 3.

It follows from the product rule that



It is easy to see that ¢'(z) = 22 4+ 4. To find f'(z), we shall use the chain rule. Let
2= f(2) = (@ =)'

We can set up a chain by writing

z=ul/? and uw=z>—1.
Clearly we have
% = 2%/2 and % = 2z,
so it follows from the chain rule that
_dz  dz  du x x

/ = - = = .
fx) = dz  du " dz w2 (z2 —1)1/2

Hence
(22 + 4z + 3)

Wiy = PO e )

ExAaMPLE 12.1.19. Consider the function

7 B (1 _ .’[3)2
U= M) = T e
We can write fa)
h(l’) = @a

where
flz) = (1—2%? and g(x) = (1 + 2z + 322)%

It follows from the quotient rule that

To find f/(x) and ¢'(z), we shall use the chain rule. Let
2= f(z) = (1 —23)? and w = g(z) = (14 2z + 32°%)%

We can set up a chain by writing

z=u and u=1-—23.
Then 4 1 1
/ 7_2:_2 _“: _9.2) 2 _ o 3Y..2
f(ili)—dg3 duxdm 2u x (—3x7) 6ux 6(1 — %)z

Similarly, we can set up a chain by writing

w = v? and v=1+4 2z + 32°%.

Then
_dw  dw _ dv

T dr  dv  dx

Chapter 12 : Further Techniques of Differentiation ______

X — = 2u x (24 6x) = 4v(1 + 3z) = 4(1 + 2z + 32?)(1 + 3z).

12-7
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Hence

—6(1 + 22 + 322)2(1 — 23)2? — 4(1 — 23)2(1 + 2z + 32%)(1 + 32)
(14 2z + 322)4
C6(1 422 +32%) (1 — 2%)2® + 4(1 — 2°)*(1 + 3x)

(1422 +322)3

h'(z) =

Alternatively, observe that we can set up a chain by writing

3
9 1—-=

yEe A T o 1 322
Clearly we have (using the quotient rule for the latter)

— 2\ p2 _ R
d_y:28 and ds 3(1 + 2x + 3a%)a* — (1 x)(2+6x)’
ds dz (14 2z + 322)2

so it follows from the chain rule that

dy _dy  ds — s x 3(1 4 2z + 32%)2? + (1 — 23)(2 + 62)
de ds dzx (14 2z + 322)2
2(1 —2?%) " 3(1+ 2z + 32?%)2? + 2(1 — 2%)(1 + 32)
1+ 2z + 322 (1 + 2z + 322)2 '

It can be easily checked that the answer is the same as before.

EXAMPLE 12.1.20. Consider the function y = h(z) = (2 + (23 + 2°)7)!'. We can set up a chain by
writing

y=g(u) =u'' and u=f(z) =2+ (23 + 2°)7.
Clearly we have
dy 10
— =1lu".
du b

On the other hand, we have f(z) = k(z) + t(z), where k(z) = 22 and t(x) = (23 + 2°)7. It follows that
f'(x) = K'(z) + t'(z). Note that k'(x) = 2z. To find #'(x), we shall use the chain rule. Let

z=t(zx) = (* +2°)".

We can set up a chain by writing

z=v" and v=a+ 2’
Clearly we have
dz 4 dv 4
= Tv and P 3x° 4+ bx”,
so it follows from the chain rule that
dz dz dv
ry — 42 _ 8% AU o 60,2 4y _ 3 5\6 (0,2 4
t(x)_dx o X I Tv°(3x° + bx”) = T(x® + 2°)° (32 + bz™),
and so d
f(z) = d_u =2z 4 7(2® 4+ 2°)5(32% + 52%).
T
It then follows from the chain rule that
d d d
ﬁ = i x d—z = 11u'0(22 + 7(z® + 2°)% (322 + 52%))

= 11(2* + (2 + 2°)") 1022 + 7(2® + 2°)%(32? + 52*)).
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12.2. Implicit Differentiation

A function y = f(z) can usually be viewed as a curve on the xy-plane, and gives a relationship between
the (independent) variable x and the (dependent) variable y by describing y explicitly in terms of
x. However, a relationship between two variables z and y cannot always be expressed as a function
y = f(x). Moreover, we may even choose to describe a function y = f(x) implicitly by simply giving
some relationship between the variables = and y, and not describing y explicitly in terms of z.

EXAMPLE 12.2.1. Consider the equation x2 4 y? = 25, representing a circle of radius 5 and centred at
the origin (0,0). This equation expresses a relationship between the two variables x and y, but y is not
given explicitly in terms of x. Indeed, it is not possible to give y explicitly in terms of x, as this equation
does not represent a function y = f(x). To see this, note that if 2 = 3, then both y = 4 and y = —4
will satisfy the equation, so it is meaningless to talk of f(3). On the other hand, we see that the point
(3,4) is on the circle, and clearly there is a tangent line to the circle at the point (3,4), as shown in the
picture below.

If we restrict our attention to the upper semicircle, then we can express the variable y explicitly as a

function of the variable x by writing
y = (25 — )12

We can set up a chain by writing

y:u1/2 and u=25— 2.
Clearly we have
dy 1 4 du
—_— = = _— = —2
T Qu and e x,
so it follows from the chain rule that
dy dy du —1/2 2\—1/2
7 — 7 = _ = —x(25 — .
o= du X o TU x(25 — z*)
Hence
dy __3
Azl ey 4

Note that our argument here involves obtaining an explicit expression for the variable y in terms of the
variable 2 from similar information given implicitly by the equation 22 +y? = 25. Now let us see whether
we can obtain a similar conclusion concerning the slope of the tangent line at the point (3,4) without
first having to obtain the explicit expression y = (25 — 22)!/2 of the upper semicircle. Let us start from
the equation x2 + y2 = 25 of the circle. Differentiating both sides with respect to x, we obtain

d oy d
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Using the rule on the derivatives of constants, we obtain

d
—(25) =0.
o (%)
Using the sum rule and the rule on the derivatives of powers, we obtain
d o 2 d o d o d o
— = — — (%) = 22 + —(¢?).
L@ Ty) = @)+ (7)) =22+ ()

We next set up a chain by writing

z=y> and y= f(a),

where there is no need to know precisely what f(z) is. Then using the chain rule and the rule on the
derivatives of powers, we obtain

d, o dz dz dy _ dy
dm(y)_dx_dyxdx_ Yaz

Summarizing, we obtain

d
2z + 2y =0,
dx
and so
dy =z
de ¢’
Hence
dy _ .3
vl y—@a 4
as before.

The second part of the example above is a case of using implicit differentiation, where we find the
derivative of a function y = f(z) without knowing any explicit expression for the variable y in terms of
the variable . We shall describe this technique further by discussing a few more examples. In some of
these examples, it may be very difficult, if not impossible, to find any explicit expression for the variable
y in terms of the variable z.

EXAMPLE 12.2.2. Suppose that y? — 22 = 4. Differentiating both sides with respect to x, we obtain

d, , 9y d B
G TP =W =0
It follows that d d d d
2 2 2 2 2
_ — [ J— _ = — —2 = .
W )=o) - @) = () — 20 =0

We next set up a chain by writing

z=y>  and  y=f(z),
where there is no need to know precisely what f(z) is. Then
dy

d, dz dz dy
—_— = — = — = 2 —_—
dz (v") dez dy X dx ydx

Summarizing, we obtain

dy
2—2 — 22 =0
vy, ~22=0,

and so
dy _=
de vy’
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EXAMPLE 12.2.3. Suppose that 4> +sinz = 3. Differentiating both sides with respect to x, we obtain

d, 5 . d
a(y +sinx) = 5(3) =0.

It follows that d d 4 d
_— 3 1 = — 3 —(si = — 3 =
i (y°> + sinx) o (y°) + e (sinx) o (y°) + cosx = 0.

We next set up a chain by writing
z=y and  y= f(),
where there is no need to know precisely what f(z) is. Then

d 3 dz dz _dy _ ,dy
dx(y)_dx_dyxdx_gydx'

Summarizing, we obtain
d
3y2—y +cosz =0,
dx

and so
dy  cosz

de 32"

EXAMPLE 12.2.4. Suppose that y° + 3y? — 222 + 4 = 0. Differentiating both sides with respect to z,
we obtain

d s 2 2 d
— -2 4) = — =0.
dx(y + 3y z° +4) dx(o) 0
It follows that
d s 2 2 d s d o d o d d s d o
= — 22 4 4) = — Sy —2— )= — S (y?) —da = 0.
LW 3y - 207+ 4) = () + 3 (y7) 2 (@7) + - (4) = - (87) +3 - (y7) — 4w =0
Using the chain rule, we obtain
d 5 d 5 dy . 4dy d o0 d 4 dy  dy
dz(y)—dy(y)xdx—@ o and dx(y)—dy(y)xdx—%dz.

Summarizing, we obtain
dy
5y* 4+ 6y)——= — 4z =0
(5y” +6y) - — 4w =0,
and so
@ _ 4x
dr 5yt 46y’

ExaMpLE 12.2.5. Suppose that zy = 6. Differentiating both sides with respect to z, we obtain

It follows from the product rule that

d d d d
(oY) = (@) xy+ax () =y+ags =0,

and so
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EXAMPLE 12.2.6. Suppose that 23 + 22293 + 3y* = 6. Differentiating both sides with respect to z, we
obtain

d d
(@ + 2% + 3y") = —(6) = 0

dz Cdx
It follows that
d s 2,3 4 d s d o 3 2 d 3 d 4
— 2 3yt) = — 2 — — 3—
@ T 207y +3y7) = - (27) +2( o (@%) x 2t x (7)) + 3 (%)
. d . d
2 3 2 3 4
= 4 20" — — =0.
327 +dwy” + 22— (y°) +37-(y7) =0
Using the chain rule, we obtain
d s d s dy 2 dy d 4 d 4 dy 3dy
— = — — =3y d — = — — =4y° =,
o) dy(y)xdx v an W) dy(y)xdx v
Summarizing, we obtain
d
32% 4 day® + (62%y° + 12y3)d—y =0,
x

and so
dy 322 + 4y

dz 622y + 123
Note next that the point (1, 1) satisfies the equation. It follows that

dy 7

@ley-ay 18

Check that the equation of the tangent line at this point is given by 7z + 18y = 25.

EXAMPLE 12.2.7. Suppose that (22 +1%)? = 9. Differentiating both sides with respect to x, we obtain

PP = ) =0,

Let w = (22 + »)2. We can set up a chain by writing

w =22 and z=x%+y3,

so it follows from the chain rule that

- F 0P s ) S ),

d 2 312
(= +y))_dx_dzxdx_ dx

dx

Hence d
2 3 2 3
— =0.
(@ +y7) (@ +37)

On the other hand,
d o 3 d o d 5 2 dy
L@ Ty) = @)+ () =22+ 3y

where we have used the chain rule at the last step. Summarizing, we obtain

d
(% +9°) (2:1: + 3y2£) = 0.

It is clear that 2% + 3 # 0 for any point (z,y) satisfying the equation. It follows that

dy _

2z + 3y? e

0,
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and so
dy 2o

dz — 3y%
Note next that the point (2, —1) satisfies the equation. It follows that
dy 4
A2 (2,)=(2,-1)
Check that the equation of the tangent line at this point is given by 4z + 3y = 5.
EXAMPLE 12.2.8. The point (1,1) is one of the intersection points of the parabola y — 22 = 0 and

the ellipse 22 + 2y? = 3. We shall show that the two tangents at (1,1) are perpendicular to each other.
Consider first of all the parabola y — 22 = 0. Here we can write y = 22, so that dy/dz = 2x. Hence

dy
dx

= 2.
(z,y)=(1,1)

Consider next the ellipse 22 + 2y? = 3. Using implicit differentiation, it is not difficult to show that
d
2x + 4y—y =0,
dx
and so

dy _ =z
de 2y

Hence
dy
dx

1
(@y)=(11) 2

Since the product of the two derivatives is equal to —1, it follows that the two tangents are perpendicular
to each other.

12.3. Derivatives of the Exponential and Logarithmic Functions
We shall state without proof the following result.
DERIVATIVE OF THE EXPONENTIAL FUNCTION. If f(z) =7, then f'(x) = e*.

ExAMPLE 12.3.1. Consider the function y = h(z) = €®(sinz + 2cosx). We can write

where f(z) = e® and g(x) = sinz + 2 cosz. It follows from the product rule that

W(x) = f'(z)g(x) + f(x)g' (z).

Clearly
f(x)=¢" and  ¢(z)=cosz —2sinx.

Hence
h'(z) = e*(sinz + 2cosx) + €”(cosx — 2sinz) = e”(3cos x — sin ).
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EXAMPLE 12.3.2. Consider the function y = h(z) = e®(2? + z + 2). We can write

where f(z) = e® and g(z) = 22 + = + 2. It follows from the product rule that

W(z) = f'(z)g(x) + f(x)g' (z).

Clearly
f(x)y=¢e¢" and  ¢(z)=2z+1.

Hence
B(x) = e®(2® + 2 +2) + e (22 + 1) = * (2% + 32 + 3).

ExAMPLE 12.3.3. Consider the function y = h(x) = e2*. We can set up a chain by writing

y=g(u) =e" and u= f(z) =2z

Clearly we have

dy du

—= = d — =2

du ¢ o dz ’
so it follows from the chain rule that

dy dy du 5

2 = =L = 2e" = 267,

de du x dx ¢ ¢

Alternatively, we can set up a chain by writing

y =t(v) = v? and v=Fk(x)=¢e"
Clearly we have
d d
d_z =2v and é =e’,

so it follows from the chain rule that

dy dy dv 2
dz dv dz ve ©e ¢

Yet another alternative is to observe that h(z) = e®e”. It follows that we can use the product rule
instead of the chain rule. Try it!

EXAMPLE 12.3.4. Counsider the function y = h(z) = e®”. We can set up a chain by writing
y=g(u) =e" and u= f(x) =2z

Clearly we have
dy du 5
du ¢ and gy =8

so it follows from the chain rule that
dy dy _ du

- 2,0 2
dxiduxdx 3xr‘e 3ze® .
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ExAMPLE 12.3.5. Consider the function y = h(x) = e *+4¢%52 We can set up a chain by writing

y=g(u) =e" and u= f(x) =sinx + 4 cosz.
Clearly we have
d d
ize“ and d—Z:cosx—élsinm,
so it follows from the chain rule that
d d d :
d—z = d_Z X £ = e%(cosx — 4sing) = SMITICST (cog g — 4sinz).

ExAMPLE 12.3.6. Consider the function
y = h(z) = sin® (64””2) .
We can set up a chain by writing
y = t(w) = w?, w = k(v) = sinwv, v=g(u) =e" and u= f(x) = 4a°.

Clearly we have

9 dw dv du

d
—y:?)w, — = o8, — =e and — = 8z,
v

dw
so it follows from the chain rule that

dy _ dy  dw d_v X d_u = 24zew?

dw 2
dx_dwxdvxdu dz

cos v = 24xe" sin

veosv = 24xe” sin?(e%) cos(e)

= 24ze*” sin? (e4$2) COS(64I2).

EXAMPLE 12.3.7. Suppose that €2* 4+ y? = 5. Differentiating both sides with respect to x, we obtain

S ) = £ (5) =0

dz dx
It follows that q d d q
a2 2y 4 oa L2 = 902 2_?J:O
() = () 4 () =267 425 =0,
using Example 12.3.3 and the chain rule. Hence
dy _ ¥
de g

The next example is rather complicated, and the reader is advised to concentrate on the ideas and
not to get overly worried about the arithmetic details. For accuracy, it is absolutely crucial that we
exercise great care.

EXAMPLE 12.3.8. Suppose that e?* sin 3y + x2y> = 3. Differentiating both sides with respect to x, we
obtain

d 2x : 2,3\ d —
(¢ sindy +aty”) = —(3)

Using the sum and product rules, we have

d d d d d
ﬁ(e% sin 3y + 2?y%) = a(eu) x sin 3y + e** x a(sin 3y) + a(xz) xy® + 22 x @(yg’)
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We have 4 4
a(e%) = 22" and a(xz) = 2z.
Writing z = 3y and using the chain rule, we obtain
d d d d d d d d d d
a(sin?)y) = @(sin?)y) X d_i = d—y(sinz) X d—i = &(sinz) X d—; X d—'Z = 30052% = 30053yd—i.
Using the chain rule, we also obtain
d s d 3 dy 2 dy
— = — — =3y°—.
) dy(y)xdx V4
Summarizing, we have
d d d
2e%* sin 3y + 3e*® cos 3y—y + 2293 + 3x2y2—y = 2(e**sin 3y + xy>) + 3(e** cos 3y + x2y2)—y =0,
dx dz dz
and so
dy _ 2(e?® sin 3y + zy*)

dr  3(e?® cos 3y + 22y?)’

Next, we turn to the logarithmic function. Using implicit differentiation, we can establish the
following result.

DERIVATIVE OF THE LOGARITHMIC FUNCTION. If f(z) = logz, then f'(z) = 1/x.

PROOF. Suppose that y = logx. Then e¥ = x. Differentiating both sides with respect to =, we obtain

d d

@(ey) = a(ff) =1

Using the chain rule and the rule on the derivative of the exponential function, we obtain

dy dy
vy — VANV AN T
dx(e) (e)xdx edx
Summarizing, we have
dy
= =1
dz ’
so that
dy 1 1

EXAMPLE 12.3.9. Consider the function y = h(zx) = zlogx. We can write

where f(z) = z and g(x) = logz. It follows from the product rule that

W (z) = fl(z)g(x) + f(2)g (2).

Clearly f/(x) =1 and ¢'(x) = 1/2. Hence h/(x) = logz + 1.
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ExAMPLE 12.3.10. Consider the function

xlogx +sinx

Yy = h(x) = e
We can write f(z) + k(x)
M=

where f(z) = zlogz, k(z) = sinz and g(z) = €. It follows from the sum and quotient rules that

9(@)(f'(z) + ¥ (2) = (f(2) + k(z))d'(2)
9%(x) '

h'(z) =

Clearly k'(x) = cosz and ¢'(x) = e*. Observe also from Example 12.3.9 that f’'(z) = logxz + 1. Hence

W () = e*(logz + 1+ cosz) — (zlogx + sin x)e® _ (1 —x)logx—!—l—i—cosx—sinx.

62:1: e

EXAMPLE 12.3.11. Consider the function y = h(z) = log(5z% + 3). We can set up a chain by writing
y=g(u) =logu and u= f(z) =52%+3.

Clearly we have

dy 1 du
du u a dz Oz,

so it follows from the chain rule that

% B @ du 10z 10x

dr _du dz  u  ba2+3

EXAMPLE 12.3.12. Consider the function y = h(xz) = log(tanx + secz). We can set up a chain by
writing
y=g(u) =logu and u= f(z) = tanz + secz.

Clearly we have
dy 1 du 9
- == and — =sec” x + tanx secx,
du u dz

so it follows from the chain rule that
dy dy du sec2r +tanzrsecx  sec?z 4 tanzsecx

= — = = = secz.
dr du dx u tanx + secx

EXAMPLE 12.3.13. Consider the function y = h(z) = log(cotz + cscx). We can set up a chain by
writing
y=g(u) =logu and u= f(z) = cotx + cscx.

Clearly we have

dy 1 du 9
- == and — = —c¢sc“x — cotxescx,
du u dz
so it follows from the chain rule that
dy dy du - csc?x — cotxescx csc? x4 cot xescx

= - = = — = —cscx.
dx du dz u cotx + cscx
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EXAMPLE 12.3.14. Consider the function y = h(x) = log(sin(z'/?)). We can set up a chain by writing
y = k(v) =logw, v =g(u) =sinu and uw= f(x) =x'/2

Clearly we have

dy _ 1 dv _ g w1
dv v’ du Y & dez ~ 221/2°

so it follows from the chain rule that

dy dy dv " du  cosu  cosu  cos(z!/?)
dr  dv ' du’ dz  221/2v  221/2sinu 221/2sin(xl/2)

EXAMPLE 12.3.15. Suppose that xlogy + y? = 4. Differentiating both sides with respect to z, we
obtain

d
a(xlogeryQ) =—(4)=0.

It follows that

d d d d d d
—(x1 N = — 1 —(1 —(y*) =1 —(1 —(y?).
dgc(x ogy +y°) dx(x)x Ogy‘Fl’de(Ogy)—l—dw(y) 0gy+xdx(ogy)+dx(y)

By the chain rule, we have
d d dy 1dy
—q - —q - _ =
3z log) dy(ogy)>< Qi gdr
and

d oy oy Ay dy

—2:—2 =
W) dy(y)xdx Vi,

d
logy + <§+2y> & =0,

Summarizing, we have

dx
so that
dy _ ylogy
dx x+2y2

2

EXAMPLE 12.3.16. Suppose that log(ry?) = 222. Differentiating both sides with respect to x, we

obtain d d
—(1 %)) = —(227) = 4.
2 (log(a9)) = = (2%) = 4
Let z = log(xy?). We can set up a chain by writing
z =logu and u = xy?.
Then it follows from the chain rule that
d dz dz du 1 du 1 d
— (1 2y = 2 - =2 _— = — _—=— -_— 2 .
dx( og(zy”)) dz du  dz  u  dm Ty? * (zy7)
Next, we observe that
d 2 d 2 d o 2 d o dy 2 dy
@) = @) xy e x () =y +x><dy(y)xd£ Yo+ 2zy o

Summarizing, we have
d
vt 2zy Y = day?,
dx
so that

dy  (42® — 1)y
dz 2xy
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12.4. Derivatives of the Inverse Trigonometric Functions

The purpose of this last section is to determine the derivatives of the inverse trigonometric functions by
using implicit differentiation and our knowledge on the derivatives of the trigonometric functions.
For notational purposes, we shall write

y=sin"tz if and only if x = siny,

and similarly for the other trigonometric functions. These inverse trigonometric functions are well
defined, provided that we restrict the values for x to suitable intervals of real numbers.

DERIVATIVES OF THE INVERSE TRIGONOMETRIC FUNCTIONS.

d 1
(a) Ify =sin~'x, then é = Nipra
dy 1

(b) Ify - COS_1 x, then a = —ﬁ

(c) If y = tan~! x, then (di_i = 1—|—1x2'

(d) If y = cot~!z, then j—i =7 +1:c2'
d 1

(e) If y = sec™ ! x, then ﬁ =~
d 1

(f) If y = csc @, then ﬁ =

SKETCH OF PROOF. For simplicity, we shall assume that 0 < y < /2, so that y is in the first quadrant,
and so all the trigonometric functions have positive values.
(a) Ify= sin~! z, then = = siny. Differentiating with respect to x, we obtain

1 dy
= cosy—,
dz

so that
dy 1 1 B 1
dz cosy /1—sin?y V1-a2

(b) If y = cos™!x, then x = cosy. Differentiating with respect to z, we obtain

1 . dy
= —Ssinny—
Uyt

so that
dy 1 1

1
dz — siny  /T—cos?y V1I—-a2

(c) Ify=tan~!z, then x = tany. Differentiating with respect to x, we obtain

dy
1 — 2
sec” y—,

so that
dy 1 1 1

dz  sec?y 1 ttanly 1-+a2

(d) Ify=cot !z, then x = coty. Differentiating with respect to 2, we obtain

dy
1=—csc?y—-2,
csc ydx

so that
dy 1 1 1

dz sy 1tcotly  1+a®
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(e) Ify=sec !z, then 2 = secy. Differentiating with respect to x, we obtain
d
1= tanysecy—y,
dx
so that

y 1 1 o
dz ~ tanysecy (sec2y—1)1/28ecy N

(f) If y = csc!a, then & = cscy. Differentiating with respect to z, we obtain
d
1= —cotycscy—y7
dx

so that d . . )
9 _ _ - _ = . &

dz  cotycscy (csc2y —1)1/2cscy Va2 —1

There is no need to remember the derivatives of any of these inverse trigonometric functions.

PROBLEMS FOR CHAPTER 12

1. By making suitable use of the chain rule and other rules as appropriate, find the derivative of each
of the following functions:

a) h(x) =+/1—cosz b) h(xz) = sin(3x) ¢) h(xz) = cos(sinx)

d) h(z) = 2%cosx e) h(z) = sin(2z) sin(3x) f) h(x) = 2xsin(3x)

g) h(zr) = tan(3z) h) h(x) = 4sec(5:c) i) h(z) = cos(z3)

j) h(z) = cos®x k) h(z) = (1 + cos? x)¢ 1) h(r) = tan(z?) + tan?x
m) h(z) = cos(tanz) n) h(xz) = sin(sin z)

2. Find the derivative of each of the following func‘pions:
a) h(z) = sin(e®) b) h(z) = c) h(zr) =e sinx
d) h(z) = e”sin(2x) e) h(z) = tan(e™3%) f) h(z) = tan(e®)

3. a) Foreach k=0,1,2,3,..., find a function f(z) such that f,(z) = z*.
b) For each k = —2,—3,—4,..., find a function fi(z) such that fi(z) = z*.
c¢) Find a function f_;(z) such that f’,(x) =z~ 1.

4. Find the derivative of each of the following functions:

a) h(z) = (322 +7)(e” — 4) b) h(z) = 2° + 327 + % +1 ¢) h(z) 7

d) h(z) = 2* + ze® e) h(z) = etans £) h(z) = 2ze® — 22
g) h(z) = log(log(22%)) h) h(z) =V +5 i) h(z) = ;2’_:21

i) h(z) = sin(2z + 3) k) h(z) = cos?(2x) 1) h(z) =log(e™® — 1)
m) h(z) = et n) h(z) = ”“"2\/;1 0) h(z) = (x +3)

p) h(z) = log(2x + 3) q) h(z) = tan(3z + 222) r) h(z) = cos(e?*)

d
5. Use implicit differentiation to find d—y for each of the following relations:

a) 22 + xy — 3 = xy? b) 22 +y? =7 ¢) Vr+./y=25
d) sin(zy) =2x+5 e) zlogy + 1y = logw f) y® —2y=—6

g) ©¥ —ay+y' =21’y h) sin(zy) = 32% — 2
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6. For each of the following, verify first that the given point satisfies the relation defining the curve,

then find the equation of the tangent line to the curve at the point:

1,2

a) zy? =1at (1,1) b) y? = p— at (4,2)

¢) y+siny +2%=9 at (3,0) d) 2?3 + 4?3 = a?/3 at (a,0)




