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DOUBLE INTEGRALS - TECHNIQUES AND EXAMPLES

ITERATED INTEGRALS ON A RECTANGLE

If function f is continuous on an integral [a, b] X [c, d], then:

/ f:vy dxdy—/(/ﬂ:v,y) dy) dxzfd(/bﬂx,y) dz) dy.

[a,b] x
NOTATION
b d b d
Instead of f(f f(z,y) dy) dx we may also write [dz [ f(z,y) dy.
d b d b
Instead of [ ([ f(z,y) dz) dy we may also write [dy [ f(z,y) dz
Example 1. Calculate f f dxdy, where R = [1,2] x [4,6].
2 6 2 . 2
Solution: ff dedy = [[ % f(fy% dy) dx = J=312) de = [(§ - §) de =
[,2/x[4,6] 14 1 1

2
QU ES G S
1f2dx_ e = 21 =3 =5

—

A DOUBLE INTEGRAL OF A FUNCTION WITH SEPARABLE VARIABLES

If function f is of form f(z,y) = g(x) - h(y) and ¢ is continuous in [a, b] and h is continuous in

[c, d], then:
b d
/ f(z,y) dedy = /g da: /h dy

[a,b] X [e,d]

Example 2. Calculate [[ o5 dxdy, where R = [1,2] x [4, 6], separating variables.
R

6

Solution: !;fy% dxdy = {zfx% dxdy = (jx d:v) . ({%) = ( [%2]: j ) - ( [—%]Zj ) =

CORSEDRI R SRR

0=

A DOUBLE INTEGRAL OVER A SIMPLE REGION

If f is a continuous function on the vertically simple region

D={(z,y):a<zx<b g(x)<y<h(x)},
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then

/ f(m,y>dP=/ /f:vy day

a  g(z)
If f is a continuous function on the horizontally simple region

D={(z,y):c<y<d, ply) <z <qy)}

then
d q(y)

J[ s ap= [( [ t.9) dz) ay.

c  p(y)

Example 3. Evaluate [[(x+y) dudy over a region
bounded by curves zy i 6 and x +y = 7. Sketch
a diagram of the region.

Solution: From the system of equations of xy = 6
and z +y =7 (or: y =2, y =7 — ) we obtain
two intersection points: A = (1,6) and B = (6,1). *

Region D is vertically simple, so:

6 y=T—z 6
2 =T—x
//(:chy)dxdy = /( (:c+y)dy) dx:/([.fcy+y—]z_76
D 1 y=5 1 ’
/ (T—2? 6 36
— X
1
6 2 18 37 318 37
X x T .6
o R e R

Example 4. Evaluate [[(z — y) dzdy over a region bounded by curves
D

r=y*and v = % + 1. Sketch a diagram of the region.
Solution: From the system of equations of x = y? and x = % + 1 we obtain
two intersection points: (—v/2,2) and (v/2,2). Region D is horizontally

simple, so:

//x— dudy =

5\5
T
8
<
=
QL
I
R
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Vi, 5
(£ +1)° 42 gt vty P
_ Ly, L )d: (__ .y _>d:
/( 2 G HDy-5+y y/ s Tt TYty) W
—/2 _\/Q
— [_3_y5_|_y_4_|_y_3_y_2+g]\/§ :M
0 "8 76 2 "2heT 15

ITERATED INTEGRALS IN A REVERSED ORDER

Example 5. Sketch the region over which the

3 =z

integration [ [ (2z + 1) dydx takes place and
1 —x+2

write an equivalent integral with the order of

integration reversed. Evaluate both integrals.

Solution: First let us evaluate:

w
8

/ (2z+1) dydr = /( 2z +1)]" ) de= /( r2r+1) — (—x+2)2x +1) ) do

1 —242 1
43 68
= /(—2—2x+4$2) dx = [—2x—x2+%]i =3
1
4
2 X
2
B
To reverse the order of integration, we need to di- ' D,
vide the region into two parts that are horizontally _, ' i | *
xH+2
simple. Now: -2
3 =z 3 3 13
/ / 2z +1) dyder = //(2x+1) da:dy+/ / (2z + 1) dxdy
1 —z+42 1y -1 —y+2
3 1 3 1
= /[:v+x2]z oly—l—/[:ic—i—:BQ]iy+2 dy:/(12—y—y2) dy~|—/(6+5y—y2) dy
1 1 1 |
2 3 2 3
Y Y3 oY (T 34 34 68
= [12y— 2L — L 6y + 2 — 2 ) =242
2y=5 - ghtlbvr -3l =3+3=3
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POLAR COORDINATES

For any point P other than the origin, let r be the distance between P and the origin, and ¢
an angle having its initial side on the positive z axis and its terminal side on the line segment

joining P and the origin. The pair (r, ) is called a set of polar coordinates for the point P.

Every point (x,y) in the plane has both Cartesian and polar coordinates (r, ¢):

T = TCcosy
Yy = rsing
X () X [}
//B
// //,a B——I \_ <>
':" -
o - - -
/ | |
/ oha | |
/, \% ! L P f
a b

We have the following result for polar coordinates:

/D/f(CC,y)da:dy:/A/f(rcosap,rsingp)rdrdgp.

2

Example 6. Using polar coordinates, calculate [[ 2y* dxdy where
D

D:a?+y*<4, x>0.

Solution: The region of integration is a semicircle with radius equal

2. Therefore, the region in polar coordinates is given by = <60 < 7

and 0 <r < 2.

After substituting x and y with polar coordinates, we have:

s s

2 2 2

/ / vy? dedy = / ( / (r cos 8) - (rsin 6)%r dr) df = / ( / 4 sin? 6 cos 9dr> db

0 —

Wl
Wl
(@)

INIE]

2
5

= (/SiIlQQCOS QdG) . (/ 7’4dr> = [Sh;je]: . [%]Z = %

0

Wl

Example 7. Using polar coordinates, calculate [[(z*+ y?) dedy, where D : 2 + y* — 2y < 0.
D

Solution (a): Let us represent the equation describing D in a different form:

224y -2y <0
4+ (P —2y+1)—1<0
P+ (y—12<1
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Such an equation describes a circle with the origin in (0, 1), so we cannot describe it with polar

coordinates as easily as in Example 6. Let us substitute x = rcosf and y = rsin6:

?+y* =2y <0
r2cos? @ + r?sin®@ — 2rsinf < 0

r <2sinf

the integral is equal to:

//(332+y2) drdy = /07r<

s

2sin 6 T 2sinf

T 4
r?(sin® 6 + cos® 0) rdr / / ridr)d /[%]zsmgdé
0 0

S —

30 sin20 sin40.. 3w

= 4/sm 0d8—4[§— T 39 ]027.
0

Angle 6 ranges from 0 to only 7, because for § € (7, 27| the radius would be negative — which
is impossible.

Solution (b): Since the circle is moved by a vector of ¥ = (0,1), then we can also move the

function x* + y? by the same vector. The new function will be 2% + (y — 1)?. We can now use

the method from Example 6:

27 1
//(:c2+y2) drdy = / /7" cos? 0 + (rsinf — 1) )rdr)d&:...:?%r_
D 0

AREA OF A BOUNDED REGION IN THE PLANE

The area of a closed bounded plane region R is given by the formula

Area = [[1 dady.
R

Example 8. Calculate the area of a region bounded by curves

y =2,y =+ and aline x = 2. Sketch the region.

1fx

Solution: The area is equal to:

2 1
) dr = [§x% —In|z]]’ = §(—2+4\f— In8).

—~
—_
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8= §
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|
8=
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VOLUME
Let R be a a bounded region in the OXY plane and f be a function continuous on R. If f is
nonnegative and integrable on R, then the volume of the solid region between the graph of f

and R is given by
Volume = [[ f(z,y) dady.
R

Let R be a a bounded region in the xy plane and g1, g2 be continuous functions on R. If ¢;
and gy are integrable on R such that gi(z,y) < go(z,y), then the volume of the solid region
between the graph of g; and g5 is given by

‘@Mm€=£ﬂm@w%—m@wﬁdwy

Example 9. Calculate the volume of a solid bounded by curves y = 22, y =1, 2 =0, 2z = 2y.
solution: The region of integration is bounded by y = 2% and y = 1 and f(z,y) = 2y.
Therefore:

Volume = / /2w@ ::/ /ﬂ—#ﬂm=h—§h

r=—1 y= =2 r=—1 r=—1
1 1 8
= 1——-— (-1 _g 2.8
5) (=1+ 5) 5 b

SURFACE
Let S be the surface z = f(z,y) where the points (z,y) come from the given region R in the
OXY plane. Then

Areag = {zf \/1 + (%)2 + (2—5)2 dxdy,

where f and its first partial derivatives are continuous.

Example 10. Calculate the surface of a plane 2x + 2y 4+ z = 8 bounded by the coordinate

system axes.
Solution: After transformations of the equation of a plane, we have 7+ 4+ % = 1, so the plane
intersects the coordinate system axes at points A = (4,0,0), B = (0,4,0) and C' = (0,0, 8).

Therefore, the region of integration is bounded by x =0, y =0, y = —z + 4. We also have
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flz,y) =2=8—2x —2y, so % = —2 and % = —2. Therefore:
r=4 y=—x+4 =4 y=—x+4 r=4 y=—x+4
Sur face = /( / \/1+(—2)2+(—2)2dy)d93:/( / \/§dy)d:p:3/( / 1 dy) dx
=0 y=0 =0 y=0 =0 y=0
w=4 w=4

2
=3 [ e =3 [ () do =3 =21

0



