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PARTIAL DERIVATIVES - EXAMPLES
Let f be a function of two variables. If we fix one of the two variables, say y = yq, the function
whose values are f(x,yo) is a function of = alone. If that function has a derivative at xy, we

call the derivative a partial derivative at (zo, yo).

Partial derivatives of f are frequently denoted

or —of

ox ' Oy
and

fos fy-
DEFINITION

Let f be a function of two variables and let (zg,yo) be in domain of f.

The partial derivative of f with respect to = at (z,yo) is defined by

g(l’ yo) = lim f (o + Az, y0) — f (0, o)
0x 0, Yo AL Az

provided that this limit exists.
The partial derivative of f with respect to y at (xg,yo) is defined by

of (20, Yo + Ay) — f(wo,1
l(3:07y0) = lim f<L0’y0+ !/) f(LOJ!/O>

(?y Ay—0 Ay

provided that this limit exists.

Example 1. Using the definition, calculate first order partial derivatives of f(z,y) = xsin(zy)

at (2o, y0) = (7, 1).

Solution:
of def . flm+Az1) = f(r,1)
%(ﬂ’ ) = Alglgo Az
. (m+ Azx)sin(r + Az) — wsinw
= lim
Az—0 Az
~ B (r4 A )—sinAa:_ (—1) = —
v YA T -
of def . flm1+Ay) — f(7,1)
8—y(7r, D= Alql,rilo Ay
— m msin(m(l 4+ Ay)) — wsinm
Ay—0 Ay

i A
= lim :—7211mM:—ﬂ2-1:—ﬂ'.
Ay—0 A’y Ay—0 7TAy

—msin(rAy)
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Example 2. Using derivation formulas, calculate first order partial derivatives of

fz,y) =2 + xy® + >

Solution:
0 0
ai = (@ ey’ +y) =2y + 0 =204y
of d 5 2 3 2 2
oy 8_y<x tay +y°) =04 w2y +3y° = 2zy + 3y~

Example 3. Using derivation formulas, calculate first order partial derivatives of

[,y = e,

Solution:
0 0, 2. .
a_f _ a_<eac smy) — eac siny 2.TSiIly,
X X
0 0 2. 5 .
a_;j — a_y(em smy) — er siny 5(32 cos y.

Example 4. Using derivation formulas, calculate first order partial derivatives of

fla,y,2) = 2 + ¢

Solution:
% = a%(a:y +y) =y
g_ZJJC B (%(my +y7) =a¥lnz + 2y~ !,
% = %(my +y) =y Iz

Second partial derivatives are defined to be partial derivatives of first partial derivatives, and

higher derivatives are similarly defined. If both of the first order partial derivatives exist in a
neighborhood (zg,yo) and they are functions of x and y, then we can differentiate each with

respect to x or y:

?f _ (o [of 2f _ (o [of
ox2 — \ Oz \ Oz » 9zdy — \ Oz \ Oy

Partial derivatives involving more than one variable are called mixed partial derivatives.

Q
&)
—_
|
NS

NOTATION
o? o?
Pure second partial derivatives: f,, = ﬁ_x];’ fuy = 8_y£
0? 0?
Mixed partial derivatives: f,, = / N /

0xdy Oyox
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Example 5. Calculate all second order partial derivatives of f(x,y) = xy + Z—i
Solution: Firstly, we need to calculate first order partial derivatives:

g_ﬁ(x +9:_2)_ L2 g_ﬁ(x +$_2) 3a°
or oz Y3 —Y Y3y Oy Y g yt

Now, we are ready to calculate second order partial derivatives:

0 f o ,0f 0 2x 2 2
9z %(%)—a—x(erE)—OJFE—E,
0 f 0 ,0f 0 322 6x
- 2= Ze-Ey=1- %,
0x0y oz 0y ox y? y?
0% f o of 0 2 6
e _—) = — — ) = ]_ -
OyOx 8y(8m) oy v+ y3) yt’
2 2 2 2
oF _ 2(8_f) :Q(x_?’i) _ gy 2 e
dy? 9y dy" Oy y* y° y°
Example 6. Calculate Bf—gyél(xe*y) .
Solution:
o ot 0 o
vy — eV — oY
0xOyt (we™) 0x0y? ((9y (v )) &I:ay?’( ze™)
o 0 03
_ (oY) Y
0x0y? (8y( )) 0x0y? (we™)
0% 0 0?
_ Y eV — oY
0x 0y (03/ (v )) 6x8y< ze™)
0,0
= —(—(— -y e — Yy — Y
8x(8y( xe )) x(:ce )=e
Example 7. Check if function u(z,y, z) = In(2* + y* + 2?) satisfies the equation 88;5‘2 = aingx'
Solution:
Pu 0,0 2 2 oy O 2z B —4xz
0xdz %(&(ID(SE Y +2) = 8_x(x2 +y? + z2) (22?4 22)Y
0%u 0,0 0 2x —4zx
= Y ) = _ .
020x 8z<8a:(n(x v +2Y) 8z(x2+y2+22) (2 +y2? + 22)2

Yes, function u satisfies the given equation.

APPLICATIONS - TANGENT PLANE

The graph of a function f(x,y) is a surface in R* (three dimensional space) and so we can now
start thinking of the plane that is "tangent” to the surface at the point.

If f(x,y) and its partial derivatives are all continuous at (o, yo), then we define the tangent plane

of the surface at the point (xg, yo, f(z0, Y0)):

of of
z— f(xo,y0) = 5£(on’ Yo)(x — o) + a':;(ﬂ?o:yo)(y — o) -
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Example 8. Write down the equation of a plane tangent to the graph of f(z,y) = /9 — 22 — y?
at P = (\/5, —/3, 2).

Solution: Firstly, we need to calculate partial derivatives at Py, = (v/2, —v/3):

of _ -9 \/f = =2z = —¥2
(V2 -V3) =2 (VI- 22— )| 5 5 = S [ e X
af o _9(. /0_2_ - 2%y — V3
Dy (\/_; \/§> = ay( 9 —a? y2)|(\/§,7¢§> T /g_zy2_y2|(\/§,—¢§> 2

The equation of a tangent plane is equal to
2—2=-L2(x—v2)+L(y+V3)
which may be simplified to
\/ir—\/gy—l—h'— =0.

TOTAL DIFFERENTIAL

If f is function of two variables, which is differentiable at (z,y) (in the domain of f), then

Flat b+ b) = fa) + G+ Gz k.

The number

of of

— h+ = k

B LY+ o (z,y)
is called the differential (or total differential) of f at (x,y) (with increments h and k) and is
denoted

df .

Thus df depends on z, y, h and k. We can write this formula as

of of

dy = =~ dr + — dy .
y =5 (@ y)de+ ay(:ff,y) Y

Example 9. Using the differential of a function calculate the approximated value of %\/%0'9.

Solution: We are going to use the following formula:

0 0
f(xo + Az, yo + Ay) = f(z0,y0) + a—£($07yo)A$ + a—g(xo,yo)Ay

Let us assume:

arctan x

VY

f(xvy) = ) <x07y0) = (174)7 Ax = _0'17 Ay = 0.02.
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Then, we have:

of 1 of arctanzx
1,4) =0,125 =, — = .
f(1,4) = 0,125 , oz (1+a2)/y 0y —2y/y

furthermore, g—f(l, 4) = 0.25 and %(1, 4) = —0.0156257. So:
z Y

arctan 0.9
———— = f(0.9,4.02) =~ 0.125740.25-(—0.1)—0.0156257-0.02 = 0.12468757—0.125 ~ 0.366717.



