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1 Logarithms

When solving exponential equations we first try to express both sides as a power with the same base so that we
can drop that base,
=4 & 2°=2" & z=2

2=8 & 2°=2" & z=3

But, what if the constant cannot be easily written as a 2" =8
power with the same base ?

=6 & 2°=2"

The function f(z) = 2% is continuous, so there must be

some z for which the value of 6 is attained. It’s not a _

nice integer nor even a rational number, but it is there. :
_— !

The question is, how do we find it 7 i
r=12

r=3

B ..

The operation that determines the exponent that produces a given power is logarithm.

Def. 1.1  For real numbers = and a such that x > 0,a > 0 and a # 1 the logarithm of = with
base a is the exponent, y, to which the base a must be raised, to produce the number z, i.e.

y=log,z ifandonlyif z=a¥

There are two special bases which give logarithms their OW1l names and notations:
e when a = 10 we have a common (decimal) logarithm, and we simply write

e when a = e =2,7182... we have a natural logarithm which we denote by

ExaAMPLE 1.1

e log; 81 = 4, because 3% = 81 e log, 55 = —5, because 27° = L

e log, 1 =0, because 7 =1 e log 100 = 2, because 10? = 100

e lne =1, because e! = ¢ e log,s V5 = %, because 255 = 52 = +/f
— v —

We can draw some conclusions about logarithms directly from the definition,

Properties of logs from the definition

a>0,a#1, z€ R

log,1=0 , because a’ = 1
log,a =1 , because a! = a
log, a” ==z

aloga —
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Since a logarithm is the exponent of a power, we should expect the laws for logarithms to work the same as the
laws for exponents. And, of course, they do,

The Logarithm Laws Corresponding Laws of Exponents
a,b>0,a,b£1, x>0, y>0,r€ R a>0,a#1, preR
log, (x - y) = log, x + log, y af -a” = aPtr

for €T,y < 07 1Ogu (.T/' : 7/) - 1Og(1, (—.73) + loga (_7/)
P
log, £ =log, z — log, y @ aP="
Yy ar
for T,y < 07 logu, 5 = loga, (77”) - 10g(1. (7?/>
log, 2" = rlog, = (aP)" = aP"

for x € R — {0}, r—even, log, 2" = rlog, |z|

There are also useful formulas for changing the base of a logarithm (particularly useful when evaluating logs on
a calculator)

Change of base formulas

a,b>0,a,b# 1,2 >0

log, z = Lgb m
log, a
1
log, b=
a log, a
EXAMPLE 1.2
log,32 5
logs 32 = ==
® 8 log,8 3
logs 81 logs (3*-3Y2)  logy392 2 2
olog%81\/§: 0g383\/§:0g3( - ):Og323 :%:l
logs V/9 logs 3%/ 3 3 4

° 81@ — 8110g35 — 34-log35 — (310g3 5)4 — 54 — 625

logg 36 1 logg 62 logg 7

o 27192 36+3$ _ (33)108;9 36+34-10g97 _ (33) Togg 0 +34~% — (33) > 4 g4 g3logy 6 g2logy T
(3085 6)% 1 (308 T)? = 63 + 72 = 265

— VY
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2 Logarithmic function and its properties

We are now ready to define the logarithmic function. It is the inverse of the exponential function, so it has the
same restrictions on the base a, and its domain must be the same as the range of the exponential function, just
as its range must be the same as the domain of the exponential function.

Def. 2.1  The function given by
f(z) =log, x
where the real numbers ¢ and x are such that a > 0,a # 1,x > 0, is called the logarithmic function

with base a.
If a =e=2,71828... then it is called the natural logarithmic function an is denoted by In x.

Since we can read most of the properties of a function from its graph, let’s draw
the graphs. Exponential function came in two varieties, so does the logarithmic function, and since they are
inverses of one another, their graphs must be symmetric about the line y = x. Below you see several examples
of graphs of logarithmic functions, followed by a table with general graph shapes and properties of log functions.
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decreasing increasing
one-to-one
zero: r =1
domain: IR
range: IR

EXAMPLE 2.1 Determine which number is bigger , log; 123 or log, 234.
We'll use the fact that the function f(x) = log, x with @ > 1 is increasing
log, 234 < log, 256 = log, 4* = 4 = log, 3* = log, 81 < log; 123

— VY
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EXAMPLE 2.2 Determine the domain of the function f(z) = log, o5 (#° — 2).

Since the variable x appears in both the argument and the base of the function, we will have three restrictions
on the domain,

3 —2>0 2z —1)(z+1) >0 z € (—1,0) U (1,00)
Dy : Sz+05>0 = {z>-05 =<z >-05 =z € (—0.5,0) U (1,00)
r+05#1 x#0.5 x # —0.5
— VS —

EXAMPLE 2.3 Determine the domain and range, and find the inverse function of f(z) = 4 — 5% 1.

This is an exponential function with no restrictions on the domain, so Dy = IR.
To determine the range of f we can either start with finding the inverse, and then find its domain, which
will be the range we need, or we can do the following,

52271 € (0,4+00) = =52l e (—00,0) = 4—5%271 ¢ (—00,4)

Thus, the range of the function is Ry = (—o00,4).
Now we find the inverse,

logs (4—y)=2zx—1

20 =logs (4 —y) +1

oo logs(4-y)+1
B 2

So,
1
=) = 3 (logs (4 —x) +1), with Dy-1 = Ry = (—00,4)

— VY

e Logarithmic equations

one-to-one property: log,z=log,y & z=y

The one-to-one property is used when solving logarithmic equations. The idea is the same as with exponential
equations, we try to write both sides of the equation as logarithms with the same base, so that we can drop
them.

EXAMPLE 2.4 Let’s solve the equation logs (5z + 2) — logs (8 — z) = 2.

We must start with restrictions on the variable x, due to the domain of the logarithm function.

. 50+2>0 z>—2 2
Assumptions: = > =ze|—=,8
8—x>0 8>x 5

Now we simplify the equation. The left-hand side may be combined into one logarithm

or+2

2
88—

logs

Here we can either use the definition of the logarithm, or change the right-hand side of the equation into the

logarithm of the same base
S5 + 2

8 —x

log = log; 3
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and then use the one-to-one property and drop the logarithms

5x + 2
=9
8 —x

This is now a rational equation, which simplifies to

l4z =70 = [z =5]

The value found from the equation satisfies the assumptions that we started with, so it is the final solution.
— S —

ExAMPLE 2.5 Logarithms may be useful when solving exponential equations. Let’s take this simple example,
27t =5
To drop the base 2 of the exponential function we first must change the number 5 into a power with base 2, or

we can use an inverse operation, which is evaluating the logarithm (just like we multiply or divide both sides of
an equation by a number, we can apply other operations like evaluating logs or exponentials).

one-to-one property  or inverse function
27+4 — 9logy 5 log, 2774 = log, 5
drop the base simlify LHS
and we get exactly the same equation
r+4=1log,5

xr =log,5—4

— VY —

EXAMPLE 2.6 Sometimes substitution may be useful in simplifying the equation. Consider the equation
log? z + 3log (10x) = 7
As usual, we start with assumptions (or domain),

x>0
assumptions: {10 50 = >0
x

Since one of the logs is squared it is impossible to combine the left-hand side into one logarithm. Instead, we
will use one of the properties given in a table earlier to change the equation into a quadratic one,

log? z + 3 (log 10 4 log z) = 7
log?z +3 (14 logz) =7
log?z + 3logz —4 =0
We may now (though, we don’t have to) make a simple substitution by letting logx = ¢, which clearly shows
us a quadratic equation
2 4+3t—4=0
(t—1)(t+4)=0
t=1 Vv t=-4
loge=1 V logzx=-4
[t=10 Vv z=0.0001

— Y —
e Logarithmic inequalities

When solving inequalities with a logarithmic function we most often use the monotonicity property.
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Monotonicity
log, f(x) <log,g(z) <<= 0< f(zx)<g(x), for a > 1
log, f(x) <log,g(x) <= f(z)>g(z)>0, forO<a<1

EXAMPLE 2.7 We start we a simple inequality
log (x +4) —log 21 > logx
First, assumptions on x

4>0
{QH_ x>0

x>0
With this, we can use properties of logs to change the left-hand side,
4
log % >logx

and by monotonicity of log with base 10, we get

T+ 4
21

>z >0
Since = > 0, we can drop the right inequality and simplify to get

r+4>2lr = x<

(xgé) A (x>0) :>33€<07;>

— VY

ot =

Thus,

EXAMPLE 2.8 Substitution may become handy even more often than with equations. Consider this inequality,

1 2

—-1<0
5710gx+10gx+1 -
As usual, we must start with assumptions,
x>0 x>0 x>0
5—logzr#0 = qlogzx#5 = {x #10°
logz +1+#0 logz # —1 T # 15
Let logx = t, then
1 2
—+———-1<0
5—t+t+l -
t+1+2(5—t)—(5—t)(t+1)<0
BG-t)(t+1) -
2 _
t 5t + 6 <0
BG-t)(t+1)

(t—2)(t—3)(5-t)(t+1)<0
t<—-1 Vv 2<t<3 Vv t<5

We reverse the substitution and get four simple logarithmic inequalities,

loge < -1 V 2<logz<3 V logz>5
logz <logl0~! Vv log10®? <logz <logl0® V logz >logl0®
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Because the logarithm with base 10 is an increasing function, and considering the assumptions above, we get

1
0<:;;<T0 Vo100 <z <1000 VvV oz >10°

— VY

ExAMPLE 2.9 For the last example let’s take a combination of logarithmic and exponential inequalities,
logs (2-9% +16) — logs (3° ™! —6) >«

First the assumptions,

2-9"+16 >0 eR
{ * :>{x = 3°>39°82—= 1 >log,;2

3t —6>0 37 > 2

Now we combine the left-hand side into one logarithm, and rewrite the right-hand side as a log with the same
base,

2-9% 416 .
1Og3 m > 10g3 3
Since logarithm with base 3 is an increasing function, and 3” > 0, we drop the logarithm to get,
2-9% 416 "
3=tl —¢6 =3

Because the denominator is positive (by assumption), we can multiply both sides of the inequality by this
denominator to get,
2-9% 416 > 3%(3"T! — 6)

And we simplify,
2.9 4+16—3%*t1 4 6.3* >0
2.3 4+16-3-32"4+6-3">0
32" _6.3"—-16<0

Let 3* =¢ > 0, then

2 —6t—16<0
(t—8)(t+2)<0
—2<t<8 A t>0 = 0<t<8

Reversing the substitution we get

37 <8
logs 3" < logs 8
x <log;8

Put it together with the initial assumption

r<logs8 A x>logs2 = |log;2 <z <logs8

— VY —
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